Introduction
From the string worldsheet perspective, two-dimensional non-linear σ -models with boundaries provide a rich area to describe curved background geometries with D-brane configurations in string theory. These non-perturbative degrees of freedom are essential higher-dimensional objects on which open strings can end, and of which the geometry is completely determined by the allowed worldsheet boundary conditions. The answer of what boundary conditions are allowed is decided by symmetry. In the case of string theory, e.g., they should preserve worldsheet conformal invariance. For a σ -model describing strings in curved backgrounds, the answer is usually challenging and tractable only when the precise (boundary) CFT description is available.
A simple but non-trivial example where one can make progress is provided by the WessZumino-Witten model [2] describing strings in group manifolds supported by an NS-flux. The exact conformal invariance of this model is covered by the existence of two holomorphic currents underlying two copies of an affine Kac-Moody current algebra and two copies of a Virasoro algebra. The inclusion of boundaries in the WZW model has been studied in a number of works [3, 4, 5, 6] by identifying maximally symmetric gluing conditions on the holomorphic currents at the boundary preserving one copy of both the Kac-Moody and Virasoro algebra. Although the former is not necessary for conformal invariance it leads to an elegant geometrical picture of the allowed D-brane configurations: they should wrap twisted conjugacy classes of the group manifold. For example in the SU(2) k WZW model one finds two D0-branes and a further k − 1 D2-branes that are blown up to wrap the conjugacy classes described by S 2 ⊂ S 3 [4] .
When the precise CFT formulation is not available, however, we will see in this note an elegant D-brane picture can arise also in the context of σ -models with worldsheet integrability. Integrable stringy σ -models attracted considerable attention since the observation of worldsheet integrability in the AdS 5 ×S 5 superstring [7] . Classically, they are characterised by the existence of an infinite number of local or non-local conserved charges in involution leading, in principle, to a dramatic simplicity and exact solvability. Including boundaries in the theory typically destroys conserved charges such as, e.g., the loss of translational invariance through the boundary. In this note, we will focus on allowed boundary conditions that preserve the classical integrable structure by demanding the conservation of a tower of non-local charges generated by a monodromy matrix. This method has been introduced in [8, 9] and further developed from a classical string point of view in [10] .
A suitable integrable σ -model that makes contact between the above methods is the integrable λ -deformed WZW model introduced by Sfetsos in [11] . The deformation parameter λ ∈ [0, 1] interpolates between the WZW model at λ = 0 and the non-Abelian T-dual of the Principal Chiral Model (PCM) in a scaling limit λ → 1. On ordinary Lie group manifolds, accommodating only bosonic field content, the deformation is marginally relevant [12, 13] . However, significant evidence from both a worldsheet [14, 13] and target space [15, 16, 17] perspective implies that, when applied to super-coset geometries, the λ -model is a truly marginal deformation introducing no Weyl anomaly. Hence, the deformation of the WZW group manifold can be thought of as a bosonic trunctation of a truly superstring theory. The question of establishing D-branes in this deformed geometry is therefore natural and has been pursued in the article [1] on which this proceedings is based. We will see, by demanding integrability, that the geometrical picture of twisted conjugacy classes of the WZW point persists and naturally fits in the deformed geometry. The semi-classical flux quantisation will turn out to consistently be independent of the continuous λ -deformation parameter. Additionally the λ -deformation allows to track the behaviour of D-branes under generalised dualities [1] -again a challenging question in general curved backgrounds-by the non-Abelian T-dual scaling limit and Poisson-Lie T-duality to the integrable η-deformation of the PCM [18, 19, 20] . Illustrated for the G = SU(2) manifold one will find under both dualities D2-branes transforming to space-filling D3-branes that can be shown to preserve the classical integrable structure of the dual theories.
We lay out in section 2 the general procedure to construct integrable boundary conditions of two-dimensional σ -models. We apply this method in section 3 to the integrable λ -deformation where we first review the model's construction, then interpret the allowed integrable boundary conditions as twisted conjugacy classes (illustrated in the G = SU(2) manifold) and discuss their behaviour under generalised T-dualities. We end with some conclusions and outlook directions in section 4.
The boundary monodromy method for integrable systems
The boundary monodromy method, introduced by Cherednik and Sklyanin in [8, 9] , is a powerful tool to derive boundary conditions preserving the integrability property of two-dimensional integrable field theories. The method consists of demanding that a monodromy matrix constructed from a Lax connection generates an infinite tower of conserved non-local charges when a boundary is present 1 . We will briefly review it here, following [10, 1] , as well as the case without boundaries to introduce notations.
Let us first consider the no-boundary case in a general two-dimensional field theory on a periodic or infinite line. We denote the coordinates by (τ, σ ) by analogy with the closed string worldsheet theory. It is known that an infinite tower of conserved charges can be generated when the equations of motion of the theory can be represented by a zero-curvature condition of a so-called
In this case the transport matrix defined by,
(with Ω : g → g a constant Lie algebra automorphism included for generality) satisfies,
Indeed, under periodic boundary conditions σ ∼ σ +2π or asymptotic fall-off boundary conditions, one can then show that the monodromy matrix T (2π, 0; z) (for Ω = 1) generates conserved charges by,
Hence, every value of n or every term in the expansion of TrT (2π, 0; z) in z, corresponds to a conserved charge. When the two-dimensional theory is defined on a finite line σ ∈ [0, π], describing by analogy an open string worldsheet theory, one can determine integrable boundary conditions on the endpoints by demanding the production of conserved charges along similar lines as above. Reminiscent to the method of image charges, one can derive these by taking a copy of the finite-line theory and act on it with a reflection R : σ → 2π − σ . The boundary monodromy matrix T b (z) is then constructed by gluing the usual transport matrix T (π, 0; z) in the original region to the transport matrix T Ω R (2π, π; z) in the reflected region,
Notice that in the reflected region we have included the possibility of a non-trivial automorphism Ω acting on the Lax connection in the path-ordered exponential as in (2.2). By demanding that the time derivative of the boundary monodromy matrix is given by a commutator, 6) for some matrix N(z) one will indeed find that ∂ τ TrT b (z) n = 0 for any n ∈ N and z ∈ C. Assuming 2 ,
we find explicitly using (2.3) that the time derivative of the boundary monodromy matrix satisfies,
The condition (2.6) sufficiently holds when N(z) = L τ (τ, 0; z) and when we require the following boundary conditions on both the endpoints 3 , 9) and similarly on σ = π. When studying a specific two-dimensional integrable model with a known Lax connection, and knowing its behaviour under the reflection R, one can now easily derive the integrable boundary conditions on the field variables by eq. (2.9). Typically this will involve additional conditions on the automorphism Ω as we will see in the coming section.
Applied to λ -deformations
We will now apply the boundary monodromy method to the (standard) λ -deformation introduced by Sfetsos in [11] . The interest in this particular model is that it is a two-dimensional integrable field theory deforming the exactly conformal Wess-Zumino-Witten (WZW) model on group manifolds. We will therefore be able to relate the integrable boundary conditions of the λ -model to known results of stable D-brane configurations wrapping twisted conjugacy classes in the group manifold [4, 5, 23, 24, 25] .
Construction of the λ -action
Let us first briefly introduce the construction of λ -deformations of [11] . One starts by doubling the degrees of freedom on a Lie group manifold G, by combining the WZW model on G at level k with the Principal Chiral Model (PCM) on G with a coupling constant κ 2 , i.e.,
which are both realised through distinct group elements g ∈ G and g ∈ G respectively 4 . The fields g are an extension of g into
. Altogether the doubled model (3.1) has 3 In principle the boundary conditions can be different on each endpoint (see e.g. [1] ) which in the string theory application allows the open string to connect distinct D-brane configurations. 4 We have taken conventions on the worldsheet Σ in which the two-dimensional metric is fixed as diag(+1, −1),
Moreover, we consider compact semi-simple Lie groups G of which the generators T A , A ∈ {1, · · · , dim(G)} of the Lie algebra g are Hermitean and normalised with respect to the Cartan-Killing billinear form
Tr(T A T B ) = δ AB (with x R the index of the representation R). It is known that for compact groups the level k should be integer quantised while for non-compact groups it can be free [2] . a global G L × G R symmetry. Next, one reduces back to dim(G) degrees of freedom by gauging a subgroup acting as,
using a common gauge field A → h −1 Ah − h −1 dh. Doing a minimal substitution on the PCM, by replacing ∂ ± g → D ± g = ∂ ± g − A ± g and replacing the WZW model by the G/G gauged WZW model,
3) one finds the λ -deformation after fixing the gauge by g = 1,
(3.4) Here we have introduced the adjoint operator
A with g ∈ G and the parameter λ ,
(3.5)
The gauge fields are now auxiliary and can be integrated out. Varying the action S k,λ (g, A) with respect to A ± we find the constraints,
Substituting these into eq. (3.4) gives the large k effective action,
which is an all-loop in λ deformation of the WZW theory with a global g → g 0 gg −1 0 , g 0 ∈ G symmetry left. Effectively, the λ -theory thus deforms the target space metric and Kalb-Ramond field of the WZW σ -model. In addition, the Gaussian elimination of the gauge fields in the path integral results in a non-constant dilaton profile,
with Φ 0 constant. While the integrability of the λ -model (with periodic boundary conditions) has been first shown in [11] starting from the effective σ -model action (3.7), one can straightforwardly show it starting from (3.4) as done in [26] . The Lax connection L (z) representing the equations of motion of the fields g satisfying the zero-curvature condition (2.1) ∀ z ∈ C is,
upon the constraints (3.6).
Interpretation as (twisted) conjugacy classes
To apply the boundary monodromy method to the λ -model we first need to consider the behaviour of the transport matrix T Ω R (2π, π; z) under the reflection R : σ → 2π − σ . For the λ -Lax (3.9) one will find that eq. (2.7) holds for z R = −z. The resulting integrable boundary conditions (2.9) of the λ -model are then, after expanding order by order in the spectral parameter z,
together with the requirement that Ω is an involutive automorphism of the Lie algebra,
Moreover, to interpret the above boundary conditions as Dirichlet and (generalised) Neumann conditions, the automorphism Ω should be such that no energy-momentum is flowing through the boundary, i.e. the energy-momentum tensor must satisfy T 01 | = 0, which turns out to require that it is metric-preserving in the sense of
Upon the constraint (3.6) the integrable boundary conditions are now given by,
At the WZW conformal point (λ = 0) one consistently finds the (twisted) gluing conditions of [4, 5, 23] of the holomorphic Kac-Moody currents
preserving precisely one copy of both the Kac-Moody current algebra (iff. Ω is a Lie algebra automorphism, which is the case here) and the Virasoro algebra. Because only the latter property is a necessity to preserve conformal invariance, the former property led to the description of the corresponding D-brane configurations as being 'maximally symmetric'. In [4, 5, 23 ] (see also [27] ) it was shown, starting from the corresponding Dirichlet conditions of eq. (3.13) , that the D-brane worldvolumes wrap (twisted) conjugacy classes of the group G,
classified by the quotient of metric-preserving outer automorphisms ω ∈ Out 0 (G) = Aut 0 (G)/Inn 0 (G) [27] . When ω ∈ Inn 0 (G) is inner, i.e. ω(h) = ad w (h) = whw −1 for some w ∈ G, the twisted conjugacy class C ω (g) is related to the ordinary conjugacy class C Id (g) by a (right) group translation,
which is a symmetry of the WZW model. The automorphisms ω are in principle not constrained any further here. For generic λ it was shown in [1] that the geometrical picture of the integrable boundary conditions (3.12) as D-branes wrapping twisted conjugacy classes persists by pleasing cancellations of the λ -dependence. This is indeed expected, since the deformation affects only target space data as the metric, while the worldvolumes are defined through the orthogonal decomposition of the tangent space with respect to the Dirichlet conditions, independently of the target space metric. However, integrability picks out only the automorphisms ω(e tX ) = e tΩ(X) that satisfy Ω 2 = 1. Generic inner automorphisms, or group translations of the conjugacy classes, are thus excluded. Indeed, independent right group translations are not a symmetry of the λ -model which remarkably follows from demanding integrability structures.
G = SU(2) illustration
To illustrate the above, we focus in this section on the case of the G = SU(2) group manifold for which Out 0 (SU(2)) = Id is trivial and one will describe ordinary conjugacy classes 5 . We parametrise the group element g ∈ SU(2) in Cartesian coordinates, 16) constrained to det g = X 2 0 + X 2 1 + X 2 2 + X 2 3 = 1, making the embedding of SU (2) as an S 3 in R 4 apparent. The set of group elements in an ordinary conjugacy class C(g) clearly have a constant trace and here fix the X 0 parameter to some constant value. The conjugacy classes are thus S 2 -spheres of varying radius inside the S 3 as illustrated in figure 1 . When the λ -parameter is turned on, and the target space metric G gets deformed, what is changed will be the size (or radius) of the S 2 -spheres by the induced deformed metric G| S 2 on these branes. In figure 1 it is moreover clear that the rotational symmetry of the WZW gets lost in the deformation, which is a reflection of the Ω 2 = 1 constraint coming from integrability and preventing the existence of rotated branes. Indeed, in [1] a semi-classical analysis of the quadratic scalar fluctuations of the branes moreover shows that at λ = 0 a massless p-wave triplet exists which becomes massive for λ = 0. λ Figure 1 : For illustrative purposes we portray here the S 3 SU(2) group manifold in one dimension less. The green lines represent the S 2 -branes or conjugacy classes in the S 3 that change size under the squashing of the S 3 when the λ -deformation is turned on.
In both cases, there is a total of 2 static D0-branes (corresponding to the north-and southpole) and l static D2-branes (corresponding to the S 2 's). The number l is integer quantised and equal to l = k − 1, following from topological obstructions in formulating the WZ term in (3.1) in the presence of a boundary. In the boundary case the WZ term should be altered as [28] ,
5 For an analysis and explicit example of twisted conjugacy classes, possible in λ − SL(2, R), we refer to [1] . Interestingly, in G = SL(2, R) only the twisted conjugacy classes turn out to correspond to stable D-brane configurations [25] , telling us it is indeed worth including the possibility of twisted gluing conditions.
and ω a two-form on D 2 such that H| D 2 = dω. To cancel in the path integral ambiguities in the choice of M 3 recall that the closed string WZW theory on compact groups requires the level k to be integer quantised. On the other hand, the open string WZW theory with (3.17) will require the D-branes to be localised on a discrete number of positions. In the case of G = SU(2) the number of branes are then indeed fixed as l = k − 1 ∈ Z, where we refer to [28, 23, 24] for more details. Interestingly, this can be seen as a semi-classical stabilisation of the D2-branes, since their localised positions forbids them to shrink smoothly to zero size. When the deformation is turned on, [1] shows the continuous λ -dependence precisely cancels in the topological conditions 6 and so consistently also in the U(1) flux quantisation. Again, indeed, a semi-classical analysis of the scalar fluctuations gives a massive s-wave with a mass independent of λ .
Interplay with generalised T-dualities
Another motivation to look at λ -deformations is the close connection to generalised T-dualities. The λ → 1 scaling limit (obtained by taking k → ∞) produces e.g. the non-Abelian T-dual of the Principal Chiral Model (PCM) [11] . On the other hand, for generic values of λ ∈ [0, 1] the model is Poisson-Lie T-dual [29, 30] , up to an additional analytical continuation, to an integrable deformation of the PCM [18, 19, 20] known as Yang-Baxter or η-deformations [31, 32] which have an action, 18) where R : g → g is an operator solving the modified classical Yang-Baxter equation.
Tracking the behaviour of D-brane configurations under these generalised T-dualities is, in general, a challenging procedure due to the lack of well-defined boundary conditions in the curved background geometry. In the λ -deformation, however, integrability dictates us precise boundary conditions (in eq. (3.12)) given in terms of worldsheet derivatives of the phase-space variables. Together with the known canonical transformations of non-Abelian T-duality [33, 34] (NATD) and Poisson-Lie (PL) T-duality [35] this allows us to find the dual D-branes in the e.g. G = SU (2) 19) or of the η-deformed PCM [31, 32] , 20) in (2.9) respectively. 6 Both the H-form and ω-form receive a λ -contribution but these precisely cancel.
Conclusions and outlook
In this overview note we have seen an efficient method to derive classical integrable boundary conditions in σ -models by demanding that the monodromy matrix of the Lax connection generates conserved charges even in the presence of boundaries. As emphasized in the introduction, this is generically challenging for stringy σ -models without precise CFT formulations. The boundary monodromy method, however, essentially only requires the knowledge of the σ -model Lax connection.
In the context of λ -deformations the boundary monodromy method dictates us integrable boundary conditions that are described elegantly by twisted conjugacy classes in the deformed target space. This geometrical picture is independent of the deformation parameter and, indeed, corresponds smoothly to the D-brane configurations dictated by CFT methods of the undeformed WZW point. Illustrated in the SU(2) manifold we have seen that the deformation changes the size of the D-branes and destroys their rotational symmetry in the deformed geometry. This latter (natural) observation ties nicely together with the constraining features of integrability. Additionally, we have seen that the flux quantisation consistently remains independent of the λ -parameter and enforces the branes to sit stabilised at localised positions. These conclusions are supported in [1] by an analysis of scalar fluctuations of the D-branes. Finally, armed with precise integrable boundary conditions, one can track them under generalised dualities present in λ -deformations. For G = SU(2) we have seen a Dirichlet condition to transform into a generalised Neumann which, to close the circle, turns out to follow from demanding integrability of the dual models as well.
Let us stress the analysis so far has been purely classical. It remains an interesting question to understand the quantum description of the integrable boundary conditions in these λ -models. Here, the bulk S-matrix of [36] should be supplemented by a boundary K-matrix describing particle reflections off the boundary and satisfying the boundary Yang-Baxter equation [8, 9] . Since the Smatrix of [36] was derived by mapping the quantum λ -model to a spin k XXX Heisenberg spin chain, it would be appealing to interpret the boundary K-matrix in the corresponding open spin chain as well.
Another appealing line of study, returning to the string point of view, is to consider integrable D-branes of λ -models in supercoset geometries [14] as here the deformation is expected to be truly marginal to all loops.
